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Investigation of Transonic Flow in a Cascade
Using the Finite Element Method

A. Ecer* and H. U. Akayt
Purdue University at Indianapolis, Indianapolis, Ind.

The solution of two-dimensional full-potential equations for the analysis of steady transonic flow through
cascades is investigated. The finite element method is employed in the analysis. Accuracy and efficiency of the
obtained numerical solutions are discussed in terms of the employed computational grid. Accurate modeling of
subsonic and supersonic flow regions together with the shock is discussed. The choice of artificial viscosity and
relaxation factors are examined and related to the design of a computational grid. Shock-capturing and shock-
fitting procedures are compared for improved accuracy and efficiency. Numerical results include cascades of
Gostelow and NACA 0012 airfoils.

I. Introduction

ANALYTICAL treatment of transonic flow through a
cascade generally requires the solution of full-potential

equations. Development of efficient computational
techniques for the solution of this problem becomes closely
related to the applicability of irregular computational grids
for obtaining sufficiently accurate approximations of
irregular flow configurations. The object of the present study
is to develop efficient computational techniques for the
solution of transonic flows in cascades and to investigate the
important features in designing computational grids for this
purpose.

Numerical solution of steady, inviscid transonic flow
problems has been treated by several researchers during the
last few years. U3 Recent studies have been in the direction of
improving the efficiency and accuracy of these solutions.4'7
One of the main tools for this purpose has been the
modification of computational grids.8'10

The transonic flow through a cascade involves complexities
that have to be treated efficiently by the developed com-
putational scheme. Equations change their characteristics in
subsonic and supersonic flow regions separated by a
discontinuity. Leading and trailing edges of the airfoils are
sources of near singularities in the flow. The efficiency of a
numerical scheme is related to the treatment of the above
difficulties. Recently, there have been investigations showing
the importance of a computational grid in the calculation of
transonic flows.8 Multigrid methods, for instance, have
demonstrated advantages of employing different grids in the
solution of the same problem for improving convergence to
steady-state solutions.

In this paper, the finite element method is employed for the
solution of the full-potential equations. n~14 One of the main
advantages of this method has been its simplicity in the
development of irregular grids. Also, the use of higher-order
elements on coarse grids for improving accuracy has been
illustrated. A less utilized advantage in fluid mechanics is the
capability of adapting the computational grid to the solution
either automatically or by interactive means. In the following,
numerical examples are presented to illustrate some of these
features. Although the main formulation is presented in terms
of finite elements, also discussed are the basic concepts in the
development of efficient computational grids for the solution
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of transonic flow problems. The determination of efficient
and accurate computational grids for different flow structures
is investigated separately for subsonic and supersonic flow
regions and the shock. It is attempted to show that an ap-
propriate procedure should consider each problem and the
interaction between them for an accurate solution of the
transonic flow problem.

II. Governing Equations
After a convenient scaling of the potential function 0 by the

normalized inlet speed of sound a-m for the cascade geometry
shown in Fig. 1, the following quasilinear partial-differential
equation

(a2-^2
x)<t>>xx + (a2-<t>2

y<t>,yy-2^>x<t>^>xy = 0 (1)

together with the energy relation

7K2=
y-1 7-7

(2)

for the known ratio of specific heats 7 and inlet Mach number
A/in defines the problem of steady potential flow. In Eq. (2),
K is the maximum attainable speed, a the local speed of
sound, and

is the local flow speed, each scaled with respect to a-m .
Assuming that the inlet and exit flow angles /3 in, /3ex are

known, the boundary conditions for the cascade are:

1) OnA-B,

<t>(x,y} = q-m

2) On C-E and D-F,

-m +ys'm/3in) (3)

(4)

where n is the outward normal direction.

3) OnG-H,

/=Pex?exCOS/3ex = p in<? inCOS/3 in

where

(5)

is the mass density.

4) OnA-C,
= 07 (x,y) (unknown) (6)
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Fig. 1 Cascade geometry.

5) On£-G,
(j)(x,y)=<t)2 (x,y ) (unknown) (7)

6) OnB-D,

(t>(x+h,y + h) = 4>j(x,y) + /z<?insin/3in (known) (8)

where h is the pitch.

7) OnF-H,

<l>(x+h,y + h)=<t>2(x,y) +hqexsinj3ex (known) (9)

where qeK is computed iteratively from the continuity equation

(10)

Boundary conditions in Eqs. (8) and (9) must be satisfied for
periodicity. Also, for a lifting case, the Kutta condition at the
trailing edges, i.e.,

(H)

has to be imposed if /3ex is not known.

III. Variational Functional
For a finite element formulation, the solution of Eq. (1) can

be obtained from the stationary values of the variational
functional

T= pdA+
J/4 JS2

(12)

where p is the pressure. This is the classical Bateman's
principle and it can be verified 13 that Ritz-type finite elements
obtained through the consistent use of Bateman's functional
are equivalent to applying a Galerkin formulation to

(P<t>,x},x+(p<t>,y},y = 0 (13)

which is the conservative form of Eq. (1).
Equations (4) and (5) are the natural boundary conditions

of the above variational problem, whereas Eqs. (3), (8), and
(9) are the forced boundary conditions.

IV. Finite Element Formulation
To obtain a steady-state solution to the nonlinear equation

(1), a pseudotime formulation is considered in the following
form:

(Af/co) (p<t>>xt)iX+ (p<t>,yt)ty+ (P<l>,y),y=0

(14)

where At is the pseudotime increment and co is a relaxation
factor or a damping coefficient. The weak form of the above
equation is:

<57T= f [(A//CO) ( P < l > t x t ) t x + (A// CO) (P<l>,yt),y+(P<l>,X).X
J A

+ (p<t>,y)>y]dct>(x,y,t)dA = 0 (15)

for 0</<oo. Integration of Eq. (15) by parts yields:

A/ A/— 0 60tX + — 0 60
A \ CO CO

+ 0 60,)cL4- fd<t>ds = (16)

where /= p0 „ is the mass flux specified on the boundary S2 .
For finite element approximations, Eq. (16) is expressed for
an element e, and C0 shape functions N<j(x,y) are employed
so that

4>e(x,y,t)=N!(x,y)<tf(t)=NT(x,y)4>e(t) i =

(17)

holds within each element, where 0f are the nodal values of
velocity potentials at time t, and m is the number of element
nodal points. Furthermore, by summing contributions from
all elements in the domain, the following system of equations
is obtained for the discrete problem

where

=£*«

pe

(18)

(19)

(20)

(21)

(22)

(23)

In this investigation, four-noded isoparametric elements with
bilinear interpolation functions are used. For the evaluation
of the area integral in Eq. (19), a one-point Gauss quadrature
is employed, which proved to be efficient as well as suf-
ficiently accurate.

Equation (18) represents a system of ordinary nonlinear
differential equations and the solution will be sought by step-
by-step numerical integrations in time. Hence, at a time step
(« + 1) we have

At
__

co

)
(24)

where Kn+!/2 andfn+l/2 are evaluated at some instant between
the nth and (n + l)th time steps. This scheme is equivalent to
solving the following equations:

n + 1 —fn + '

with

(25)

(26)

It is to be noted that since Eq. (24) is nonlinear, an estimate of
the coefficient matrix Kn+1/2 is needed for the solution. A
simple procedure is to use

P"e
 + 1/2~pn

e (27)

in evaluating Kn + l/2 at time step n. As will be verified sub-
sequently with a stability analysis, such an extrapolation is
appropriate when the local flow is subsonic. However, when
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the local flow is supersonic, the extrapolation scheme must be
modified to account for the hyperbolic nature of the
governing time-space equation. Namely, the flow information
to an element e, fixed in space, must be convected from the
upstream only.15 Thus, in order to account for the variation
of density in time, the value of density to be employed in the
coefficient matrix is interpolated in space. This may be
achieved by shifting the element in space to follow the
characteristic lines of the hyperbolic equations, or
equivalently by using the extrapolation

where

where s is the streamline direction and

(28)

(29)

Ase is the element size in the direction of 5, and ae is known as
the coefficient of artificial viscosity. For sufficiently
streamlined elements and uniform grids, Eq. (28) can be
computed as

p"e
 + 1/2=aep"eu+(l-ae)p"e (30)

where p"u is the mass density of the nearest upstream
element. 12 The use of Eq. (30) for the supersonic elements
corresponds to the well-known "upwinding" concept in finite
differences.6 In the following section, the amount of artificial
viscosity ae and the relaxation factor co to be used will be
determined based on the stability considerations of the
numerical integrations.

Periodic boundary conditions are satisfied by assigning the
same degree-of-freedom number to periodically located nodes
during the solutions and by modifying the right-hand side of
the corresponding element equations with the potential
differences /?<?, sin/3, in Eqs. (8) and (9).

V. Convergence of Pseudotime Integration
The computational procedure outlined thus far involves

appropriate choice of ae and co coefficients in obtaining
accurate and convergent results. To investigate the con-
vergence to a steady-state solution, a simple one-dimensional
model will be used, and since the convergence limits obtained
from a single-element model provide an upper bound to the
general system, only one element will be considered. Hence,
for an element e and for 7 = 2, Eq. (25) takes the form

(31)

If one assumes that the estimate to the nth solution is close to
the steady-state solution <t>e or qe in element e so that

q"e=qe

Eq. (31) becomes
\qe\>

(32)

(33)

(34)

(35)

etc., and by using Eq. (26), Eq. (34) can be written as follows:

Af

Recognizing that

a2
e=(K2-ql)/2 (37)

The above difference relationship implies that the error
Aq" (x,t) satisfies the following differential equation:

(38)

(39)

(40)

where for small amounts of artificial viscosities

with

— and b=(M2-l) —

= qe/ae

This model error-equation will be employed to describe the
basic characteristics of the pseudotime integration procedure
in the different flow regions.

A. Convergence in Subsonic Flow, c = 0
When the local flow is subsonic, i.e., when M< 1 even with

zero artificial viscosity a.e, the scheme converges to a steady
state provided co > 0. The solution of Eq. (38) in this case is

(41)

which represents the response of a first-order damped system.
The rate of convergence depends on both the relaxation factor
co and the local Mach number. Also, to assure stability of the
numerical integration procedure in time, the bounds for co
become

0<u<2/(l-M2
e) (42)

Equation (42) shows that for compressible flows, the over-
relaxation can be higher as a function of local compressibility
compared to incompressible flows.

B. Convergence in Subsonic Flows, c>0
When the local flow is supersonic and no artificial viscosity

is used (i.e., ae=Q), the solution of Eq. (38) becomes
divergent as implied by Eq. (41). However, when a positive
artificial viscosity is introduced, the characteristics of the
system change and it becomes a hyperbolic system. The
solution of Eq. (38) for ae > 0 can be written as

= Aq"e (x - (43)

co At

This indicates that the errors in this case are convected in the
flow direction with a wavespeed c which is linearly propor-
tional to the artificial viscosity ote and the relaxation factor co.
While propagating, however, the errors are magnified since
Z?>0, whereas the rate of magnification depends on the values
of ae and co.

In conclusion, by changing the behavior of the equations
into a convective form with the addition of artificial viscosity,
convergence to a steady state is guaranteed in Eq. (43) for a
fixed point in the supersonic pocket. As the flow reaches a
steady state at the subsonic upstream, Aqn

e propagated to the
subsonic point becomes zero. The convergence relies on the
variation of A<?£ at the supersonic pocket until it reaches zero.
It will be shown that this will depend on how far downstream
the element is located and on the number of elements placed in
the supersonic pocket up to that point.

C. Effect of Computational Mesh
The conditions for convergence can be studied from Eq.

(38) in the following form:

(36) -—— )A<7" + —— A#"AxJ *e Ax0 *eu (44)
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For a uniform grid

P =

Imag
cAt\ cAt
AxJ Axe

is obtained, where

p = Aqn
e
 + 1/Aqn

e, r = Aqn
eu/Aqn

e

(45)

(46)

The condition for uniform convergence to a steady state in an
element, i.e.,p< 1, provides the following relationship:

"•*('-& (47)

As can be seen from Eq. (47), the amount of artificial
viscosity necessary for uniform convergence depends on the
local Mach number, as discussed by several investigators.4'10

However, it also depends highly on the distribution of errors
in the initial solution, which is implied by r in Eq. (47). For
larger values of the artificial viscosity, the scheme is
uniformly convergent in a wider range of initial conditions.

Customarily, the nondimensional artificial viscosity
coefficient ote is employed as the measure of the amount of
artificial viscosity. However, as can be seen from the
definition of r in Eq. (46), when the element size gets smaller,
r approaches unity and the value of artificial viscosity
coefficient necessary for uniform convergence increases. For
a comparison of solutions obtained with different com-
putational grids, one should use a* in Eq. (29) rather than ote
as a measure of the total artificial viscosity introduced into the
equations. For the same reason, in the case of nonuniform
grids, a correction is needed on ae to maintain a uniform
artificial viscosity distribution. This correction is achieved
simply by using a modified artificial viscosity coefficient as
follows:

GLP=QLP (48)

where Asav is the average element size in the supersonic pocket
and Ase is the average of the lengths of elements e and eu.
Consequently, the total artificial viscosity used in each
element becomes

(49)As;

D. von Neumann Analysis of Convergence
For a better understanding of the convergence charac-

teristics of the equations in the supersonic region, a von
Neumann type of stability analysis of the error-equation, Eq.
(44), is performed. Assuming that a supersonic region of
length L is divided into equally spaced elements of size
Axe—L/N, the Fourier components of the error at a mesh
point k and a time step n can be written in the form:

where
Aqn

e=V"Qxp(Ie8k) (50)

7=V^7, Bk = Trk(Axe/L) k=l,2,...,

minOk = ( irAxe /L) = ir/N, maxOk = TT (51)

Substitution of Eq. (50) into Eq. (44) yields the following
amplification factor for the magnitude of error:

Vn+1 cAt cAt——— = l+bAt- — - + ——
Vn Ax0 A*

(52)V '

.Real

Fig. 2 Polar diagram.

The polar diagram of the amplification factor is shown in Fig.
2.

Two necessary conditions for uniform convergence as
observed from Fig. 2 are:

cAt

and

R =

cAt
S=l + bAt- ——

Ax,

or
1

— -
M2

P

or ote>l- — -
Ml

(53)

(54)

Equation (53) provides a restriction on the relaxation
parameter. At high artificial viscosities as the propagation
speed of errors are high, the relaxation parameter must be
decreased for retaining stability of the numerical integrations.
Since in subsonic flows

= l+bAt<l (55)

the scheme is always convergent. For supersonic flows,
however, the inequality in Eq. (55) is not satisfied. Therefore,
the scheme is not uniformly convergent unless

Omin=ir/N>0cr

Ni /M<-1\
TT2 \ Ml )

(56)

(57)

Equation (57) indicates that the convergence at a particular
supersonic point depends on the number of elements, Ne,
counted from an upstream point at which an error starts
propagating. As the upstream points converge to a steady
state, Ne for a particular point decreases requiring less ar-
tificial viscosity. At a certain time during the iterations, the
convergence characteristics change along the downstream
direction based on the upstream conditions. This analysis
shows the importance of the convective nature of the errors to
be accounted for in the design of solution procedures as well
as the computational grids.

VI. Shock Modeling
Considerations for convergence and accuracy in the shock

region rely strongly on the modeling of the shock. Either
shock-capturing or shock-fitting techniques can be employed
to model the shock. Shock-capturing techniques have recently
become more popular due to the generality in locating the
shock and simplicity in the modeling. However, in terms of
attaining the convergence and stability around the shock, the
choice of the computational grid and the artificial viscosity
parameter requires considerable effort with these methods.
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The basic considerations in analyzing the stability and the
convergence of the numerical scheme in the supersonic flow,
discussed so far, do not remain valid since the problem in-
volves a shock discontinuity during the transition from
supersonic to subsonic flow. To localize the smearing that
occurs while modeling sharp changes at the shock, the
computational grid often needs refinement. Moreover, to
stabilize the high-frequency oscillations in the vicinity of the
shock, artificial viscosity is sometimes added even to portions
of the subsonic flow immediately following the shock.9

Hence, the main disadvantage of this approach becomes the
need for judicious modeling in this area. On the other hand, if
one attempts to use the shock-fitting procedure directly,
convergence difficulties are reduced considerably. However,
this time one is faced with the basic problem of locating the
shock accurately.

In the present investigation, both techniques are employed.
In both shock-capturing and shock-fitting schemes, subsonic
and supersonic elements are treated as discussed in Sec. V.
The conservation is satisfied within the elements and across
the element interfaces due to the variational or an equivalent
Galerkin formulation of Eq. (1) in the conservative form.
Shocks are free to develop at the element interfaces in both
cases as discontinuities in the mass flux. This can occur only
when an upwinding is used for a supersonic element neigh-
boring a subsonic element. Due to the convective nature of the
flow, compression shocks are produced automatically.

A. Shock Capturing
In the case of shock capturing, no modifications are made

in the basic form of the finite element equations in modeling
the shock. Although shocks can still occur as discontinuities
between elements, smearing is present due to the coupling
between the subsonic and supersonic elements neighboring the
shock. Also, since the conservation is no longer guaranteed at
the shock interface because of upwinding, as discussed above,
an additional constraint equation is introduced along the
shock. The variational functional in Eq. (12) is modified as
follows:

/
(58)

where X is a penalty constant, Sf the common edge of the
elements on the shock, and the symbols + and - denote each
side of the shock. The implementation of this concept is
simply achieved by checking the adjacent elements in subsonic
and supersonic flow regions. The element equations are then
modified with the inclusion of the line integral in Eq. (58).
Details of such interface elements are given in Ref. 14.

B. Shock Fitting
In the shock-fitting procedure, the shock is again assumed

to occur at the element interfaces. However, when a shock is
detected as a change from supersonic to subsonic flow be-
tween two adjoining elements, these elements are uncoupled
as shown in Fig. 3. This results with a physical separation of
subsonic and supersonic regions of flow on the computational
grid.

A natural boundary condition is imposed on the shock line
Sf of the supersonic element in the following form:

fn + '/z = f n _ f y * f n
e J e ^*-eJ e,s

where

(59)

(60)

The value of <£, at the shock points are in turn placed as forced
boundary conditions

</>r = 0r (61)

Fig. 3 Shock-fitting model.

at the corresponding nodes of the subsonic element along S/.
Conservation is once more satisfied through the use of a
penalty function technique, but this time only for the
downstream element, by modifying the functional as

(62)

In Eq. (62) no variations are taken with respect to + terms
since they are assumed to be known from the upstream
conditions. No additional node points are created. This
procedure requires the modification of the element equations
along the shocks. In this way, fundamentally different
characteristics of subsonic and supersonic flows are
separately modeled.

In the following section, numerical results are presented
illustrating the advantages and disadvantages of both fitting
and capturing techniques in application. A novel feature of
the present formulation is the ease in developing a combined
version of both techniques. At any point in the iterations, the
solution procedure can be switched from one scheme to
another for improving efficiency and accuracy without
altering the computational grid. It should also be mentioned
that the adaptation of the grid to the direction of an oblique
shock, which has been successfully applied by using shock-
fitting techniques, can also be implemented in the developed
procedure.

VII. Computational Considerations
for Subsonic Flow Regions

In the case of subsonic flows, Eq. (1) is elliptic and the
finite element formulation involves the calculation of the
local maxima of the variational functional in Eq. (12). The
convergence to a steady state is guaranteed from the in-
tegration of Eq. (18) as shown in Eq. (41). The rate of con-
vergence, on the other hand, can be improved by using over-
relaxation as implied by Eqs. (41) and (42), where the
relaxation factor co is determined as a function of the local
Mach number. In terms of designing an appropriate grid for
subsonic flows, one has to be mainly concerned with the
accuracy and faster convergence of iterations. It has been
shown during recent years that the computational grids can be
important in improving the convergence of relaxation
techniques, especially for elliptic equations.16

From a mathematical standpoint, the finite element
discretization of Eq. (1) requires the calculation of the
pressure integral over each element area individually. The
discretization errors for the entire flow become the sum of the
discretization errors in each element. For a given number of
elements, the grid has to be designed to minimize the total
discretization error. It should be noted that because of the
elliptic nature of the equations in the subsonic region, local
discretization errors due to boundary geometry generally
remain local and can be improved by a gradual refinement of
the mesh in the immediate problem region or by using higher-
order elements in this region. The accuracy problem related to
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Fig. 4 Computational grid for Gostelow airfoil.

—— REF. 18
o BEFORE GRID ADJUSTMENT

AFTER GRID ADJUSTMENT

Fig. 5 Comparison of results, Gostelow airfoil.

a b
Fig. 6 Grid adjustment at the leading edge.

choosing computational grids and other different elements
has been studied by finite element researchers for several
elliptic problems.17

In designing a computational grid for subsonic flows, one
has to refine the grid at regions of high-pressure gradients
such as the leading and trailing edges of an airfoil until the
results reach a desired accuracy level. Local modifications of
the grid have generally localized effects on the flow con-
figuration. When the grid is refined, the convergence follows
the characteristics of the model-equation in Eq. (38).

To illustrate some of the points discussed, incompressible
flow for a Gostelow airfoil cascade was analyzed. The grid
shown in Fig. 4 was generated simply by modeling the cascade
geometry without any sophisticated analysis. The results
shown in Fig. 5 are representative of the problems en-
countered in the solution of subsonic flows in cascades. At the
leading edge of the airfoil, a near singularity occurs. At this
area of high-pressure gradients, local discretization errors
dominate the solution. This is attributed to the high distortion
of elements around the leading edge, as shown in Fig. 6a.

Fig. 7 Computational grids for NACA 0012.

—«— CAPTURING

—-- FITTING
— CONSERVATION

/=0.8

Fig. 8 Comparison of results for grid A, capturing and fitting.

Figure 6b illustrates the simple adjustments made on the
initial grid to improve the situation. As can be seen from Fig.
5, the improvements made by the change in the grid remain
local.

VIII. Computational Considerations
for Transonic Flows

The design of a computational grid requires several con-
siderations in transonic flows. The accurate representation of
the subsonic leading edge becomes more important in
predicting the supersonic pocket as the sonic line develops
closer to the leading edge. The accuracy of the solution is
most critical in this region; as discussed previously for sub-
sonic flows, an appropriately refined grid is necessary for the
modeling of high-pressure gradients. Similarly, accurate
modeling of the trailing edge becomes important since it
affects the accuracy of the exit flow conditions.

The source of difficulties for modeling the supersonic
pocket in a cascade is quite different. As will be shown with
numerical examples, the problem is more of a convergence
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rather than accuracy. The classical concept of refining a grid
for better accuracy has to be very carefully applied in this
case. The choice of artificial viscosity and relaxation
parameters as well as the modeling of the shock are also
strongly dependent on the computational grid. When one
refines a computational grid for accuracy, the efficiency of
the solution requires a new set of these parameters.

To illustrate some of the important aspects in analyzing
transonic flows, a cascade of NACA 0012 airfoils with a
pitch-to-chord ratio of 3.6 and the flow conditions Min = 0.80,
]3in =0.0 deg, 0ex =0.0 deg, and cts =0.0 deg was considered.
Four different grids shown in Fig. 7 were used for this
nonlifting case, where due to symmetry in the cascade
geometry, only one-half of each grid is drawn. There are 10
elements over each airfoil in grid A, 20 elements in grid B, and
28 elements in grids C and D. Grids A and B have 12 elements
between each airfoil, whereas grids C and D have 24 elements.
There are a total of 312 elements in grid A, 480 elements in
grid B, and 1152 elements in grids C and D. As can be seen
from these grids, an important advantage of the finite-
element method is the ease in developing computational grids
and modifying them if necessary. One can generate a set of
grids to compare the accuracy of the obtained solutions.

Figure 8 shows the variation of pressure coefficients Cp
over the chord length C for coarse grid A. A series of
solutions presented were obtained by employing different
amounts of artificial viscosity for this grid. Artificial viscosity
was added only to the supersonic elements as given in Eqs.
(28-30). In order to compare the results obtained from dif-
ferent grids, the artificial viscosity parameter is scaled as

As
(63)

where Ase is the average mesh size in the supersonic pocket of
the employed grid and AsA is the average mesh size in the
supersonic pocket of grid A. A series of solutions were
sequentially obtained for /x*=3.0, 2.0, 1.5, and 1.0. The
shock developed between the same elements in all cases, and
an overshooting for low values of artificial viscosity indicated
inaccuracies at the shock region. A shock fitting was then
applied to the solution at /** = 1.0 and subsequently a solution
at /x*=0.8 was obtained. In Fig. 8 only the results of the
jit*=0.8 solution is presented since they are close. The
position of the shock moved downstream by one element and
the overshooting disappeared. When the fitting scheme was
switched back to capturing, the same solution was obtained.

The observed behavior in these solutions verifies the
convergence characteristics of the equations discussed in Sec.
V. During the integration of Eq. (24), it was observed that
convergence was obtained in the flow direction in a sweeping
manner. The importance of the path of convergence is evident
in these results. For small artificial viscosities, as in the case of
jn* = 1.0, more than one solution can be obtained. The
overshoot at the shock region can be explained from the
inspection of Eqs. (46) and (47). As r converges to unity, the
amount of artificial viscosity required is considerably
magnified. In the case of shock fitting, the uncoupling of the
flow regions and the introduction of the boundary conditions
in Eqs. (59-61) eliminates the overshoot.

Also shown in Fig. 8 is the effect of satisfying the mass
conservation across the element interfaces at the shock as
defined in Eqs. (58) and (62). It is observed that for high
values of artificial viscosity, introduction of a constraint for
mass conservation considerably modifies the singularity at the
shock tail. However, as the artificial viscosity converges to
zero, the effect is negligible as is also evident from Eqs. (59)
and (62).

Figure 9 shows a different set of results obtained again for
grid A. After a shock-capturing solution followed by a shock
fitting at />t* = 3.0, solutions were successively obtained with
different values of artificial viscosity by employing shock

FITTING

Fig. 9 Comparison of results for grid A, fitting only.

Fig. 10 Comparison of final results for various grids.

Fig. 11 Results of
grids A and B at
At* =3.0.

fitting only. Although solutions with very small values of
artificial viscosity were obtained rather efficiently, the
position of the shock did not change. It is interesting to note
from these solutions that by using a finite-element, shock-
fitting procedure, no smearing across the shock is permitted.
On the other hand, the smearing along the supersonic pocket
produces different solutions which are characterized by
shocks of different strengths.

Solutions with grids B and C exhibited similar behavior in
terms of convergence and will not be repeated further. Final
solutions obtained from different grids are summarized in
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GRID C ( ^ = 1 - 3 )
GRID D-CAPTURING {/*•*= 1-4)
GRID D-FITTING

-5
X/C

Fig. 12 Results for grid D.

Fig. 13 NACA 0012 lifting case, grid B.

Fig. 10 and compared with the finite area solution of
Dulikravich and Caughey7 obtained by using 48 elements
over the airfoil and 12 elements across the half-channel. It is
to be noted that the finite-element results presented in Fig. 10
are for approximately equivalent values of /** in each grid,
which should be used as a measure of the artificial viscosity
rather than jue in comparing different grids.

As observed from the results in Fig. 10, the accuracy for the
flow at the supersonic pocket is extremely high even for rough
grids, although the modeling of the shock and its location
needs special attention. On the other hand, obtaining
solutions with fine grids requires relatively extensive com-
putational effort, not only in terms of the number of degrees
of freedom but also in the sensitivity of the solutions to
perturbations. These results illustrate the simplicity and the
accuracy of the obtained finite element solutions, whereas the
existing finite difference solutions of similar problems have
been obtained by employing complex grids developed by
coordinate transformation techniques. Results obtained from
grids A and B at a relatively high artificial viscosity content
are given in Fig. 11 for comparison. It is interesting to note
that both grids yield essentially the same results.

Figure 12 shows the results obtained from a nonuniform
grid. The artificial viscosity in each element was determined
based on the element size correction defined in Eq. (48). Also
shown in Fig. 12 is a case in which only the shock capturing

was used with a slightly higher artificial viscosity. Excessive
smearing near the shock is of interest in this nonuniform case.

Figure 13 shows the case of a lifting cascade with a stagger
angle of c*5 = 1.0 deg and the flow conditions M in=0.78,
/3-m = 0.0 deg, and 0ex = 1.0 deg. The results obtained using the
same arrangement as in grid B are in good agreement with the
finite area results.19

IX. Conclusions
Application of the finite element method to transonic flow

problems is presented, including shock-capturing and shock-
fitting procedures. Convergence to a steady-state solution and
accuracy are investigated in terms of the solution parameters
and, in particular, the computational grid.

It is shown that shock-fitting and shock-capturing
techniques applied to the conservative form of the equations
converge to the same solution as the amount of artificial
viscosity is decreased. Conservation is satisfied at the shock
interface with an additional constraint when artificial
viscosity is employed. The need for this constraint diminishes
for the low values of artificial viscosity.

Choice of the artificial viscosity parameter a* and the
relaxation parameter co for optimum convergence requires the
consideration of local Mach number, local mesh size, and the
number of elements in the supersonic pocket. In choosing the
artificial viscosity, the effect of the mesh size should be
evaluated separately, i.e., a* rather than ae should be used as
a measure of artificial viscosity.

Fitting of the grid to the shock line is necessary to improve
the accuracy. Furthermore, the fitting of the grid to the local
potential field minimizes the artificial viscosity introduced by
discretization. For cascades of high stagger, the design of the
computational grid becomes more difficult. Leading-edge
singularity has to be modeled by appropriately refining the
grid locally in this area. For the cases in which the shock is
close to the leading edge, the adaptation of the grid to predict
this singularity is more important.

The finite element method allows the adaptation of the
computational grid to model these flow structures con-
veniently. Shock-fitting and shock-capturing techniques
discussed in this paper are quite general and can be applied to
arbitrary grids. By using the method described herein, one can
analyze transonic flow problems by using rather simple
computational grids.
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